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Abstract 

A solution of the Einstein vacuum field equations is constructed 
within the contex of perturbation theory. The solution possesses a 
graphical representation in terms of diagrams. 

In a recent article [I] for a wide class of nonlinear equations a pertur- 
bative solution was constructed. This class includes equations of motion of 
field theories. Solutions of the pure Yang-Mills field equations and equations 
of motions in spinor electrodynamics [2] were obtained. The solutions can 
be described by diagrams. The aim of the present paper is to construct a 
solution of the Einstein field equations in the vacuum. 

Let x = (x°, x 1 , x 2 , x 3 ) be space-time coordinates, and g(x) = g^ixjdx^dx 11 
a space-time metric. The vacuum Einstein equations read 

GW = 0, (1) 

where 

R^v is the Ricci tensor 

p p/3 _ ~pP _i_ T"i/3 -pee -pa -p/3 
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R = R^, and rig is the Cristofel symbol 
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For 77 = r]^ u dx^dx u ,r]^ u = diag(l, — 1, —1, —1), we can expand equations 
([T]) in powers of h = g — rj 

oo 

E G ^) = °- ( 2 ) 

n=l 

Here 

1 d n G^(T) + £h) 



GUh) 



" UV ~ J n\ d n i 
We impose a gauge condition 



r/^d^ = 0, (3) 

where 

= V - ^ = V al3 h af3 . (4) 

From equation (jl]) it follows 

Let G'"(^) be defined by G n (ip) = G n (h)^dx^dx u , cp = ip^dx^dx". Then 
equation ([2]) takes the form [3] 

oo 

□^-2^G» = 0, (6) 

n=2 

where □ = rj^dadp. 

The general solution <^ 0/ ^ of the free equation 

□w = 

is given by [I] 

1 1 (9 



where 



M(«v) = / w^x 1 + if 1 , x 2 + tf 2 , x 3 + tf)daz, 
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^ 1 ,^ 2 ,^ 3 are coordinates on the unit sphere S, is the area element on S, 
t = x°, 

^0^(0) x 1 , x 2 , x 3 ) = u IJiV (x 1 ,x 2 ,x 3 ), 



Vfii; (X , X , X ) , 

t=0 



dt 

and u^ u ,v^ v are some functions. Equation (j3J) implies 
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t; 0y - y j djU iv = 0. 

8=1 

A specific solution S{f llv ) of the inhomogeneous equation 
reads 

£(f^) = ^- I rdr I f^t-T,x l + Ti\x 2 + Te,x 3 + Te)daz. 
Then equation ([6]) can be written in the form 

oo 

<p = Ktpo + ^Pnfa), (7) 

71=2 

where (p = (p 0fll/ dx fl dx 1 ' , and p n = 2£(G 1 ^ L/ )dx^dx u . Here we introduced an 
auxiliary parameter k. Eventually it is set to be 1. 

Let V be the space of symmetric 2-forms. We shall need the polylinear 
symmetric functions 

(...)„: y» - V, n = 2,3,..., 
defined for 71 , . . . , j n G V by 

<7l, • • • ) 7n)n = ^~ ■■■ T^-Pn(ai7l + • • • + an7n)- (8) 

One can check that 

(7,...,7>n = w!p n (7). 
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Then equation (j7j) becomes 

(p= K<P0 + ^2-^j(<P,...,<p)n- (9) 

n=2 

For m > 2, 1 < i\ < . . . < i n < m let 

pm . ym ^ ym— n+1 

be denned by 

(7i» • ■ • ,7m) = ((Til, ■ ■ ■ ,7<»)n>7i> ■ • • >7iu ■ • • >7im ■ ■ • .7m), 
where 7 means that 7 is omitted. If <fi G V is given by 

= p; ; ...p-- ni+1 ^T(7i,---,7 m ) (10) 

for some Ii = (ij . . . i^), J 2 = (i? ... i^,), = (zf . . . i^), we say that 
is a descendant of (71, ... , j m ). 

Each descendant can be represented by a diagram. In this diagram an 
element of V is represented by the line segment . A product 

(7l, • • • ,7n) -> (7l, • • • ,7n)n 

is represented by the vertex joining the line segments for 71, . . . , j n , (ji, . . . , j n ) 
The general rule for graphical representation of P| n (7 1 , . . . , 7 m ) should be 
clear from Figure l.Here we show the diagram for 

p ijk(li, • • • , 7m) = ((7, Jj, 7fc)s, 7i, • • • , 7, ■ ■ ■ , Jj, • • • , %, • • • , 7m)- 

The points labeled by 1, . . . , m represent the ends of the lines for 71, . . . , j m . 
Using the representation for j (71, • • • ,7 m ) one can consecutively draw 
the diagrams for P^( 7l) . . . , 7 m )',"p£ 2 P^(7i, • • • , 7m), • • • , 
Let us introduce a family of functions 

(...):V™->V, m = 2,3,..., 

such that for 71, . . . , 7 m e V (71, ... , 7 m ) is defined as the sum of all the 
descendants of its arguments. For example, for m = 2 and m = 3 we have 

(71,72) = (71,72)2, 
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Figure 1. Diagram for P^ k ("yi, 7m)- 

(li, 72, 73) = ((71, 72)2, 73)2 + ((7i, 73)2, 72)2 + ((72, 73)2, 71)2 + (7i, 72, 73)3- 
A solution of equation (jHJ) is given by pD| 

<p=(e«»), 

where 



n=0 



{(Pq) is denned as if n = 0, and otherwise 

(V?o) = ( yOr-^o) ) (¥>o) = V0- 

n times 

For example, the 0(k 3 ) contribution in (p is given by 
k 3 , , ,/!„ , , 1 



y (</? , Vo> Vo) = ^ 3 ( ^«Voj ^0)2, ^0)2 + ~(<A), V?o, ^0)3 ) • 
The diagram for (((£>o> ¥0)2, ^0)2 is depicted in Figure 2. 
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Figure 2. Diagram for {{<p , Lp ) 2 , ^0)2- 



The tensor h^ u can be found by using (JSJ). 
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